From the more than two hundred partial orders for fuzzy numbers proposes in the literature, only a few are totals. In this paper, we introduce the notion of admissible orders for fuzzy numbers equipped with a partial order, i.e. a total order which refines the partial order. In particular, is given special attention when thr partial order is the proposed by Klir and Yuan in 1995. Moreover, we propose a method to construct admissible orders on fuzzy numbers in terms of linear orders defined for intervals considering a strictly increasing upper dense sequence, proving that this order is admissible for a given partial order.
Introduction
Fuzzy numbers have been introduced by Zadeh [1] to deal with imprecise numerical quantities in a practical way. The concept of a fuzzy number plays a fundamental role in formulating quantitative fuzzy variables. These are variables whose states are fuzzy numbers. When also the fuzzy numbers represent linguistic concepts, such as very small, small, medium, and so on, as interpreted in a particular context, the resulting constructs are usually called linguistic variables.
The study of admissible orders over the set of closed subintervals of [0, 1], i.e. orders which refines the natural order for intervals, starts with the work of Bustince et al. [2] . Latelly, this notion was adapted for other domains in [3, 4, 5, 6] .
From the more than two hundred partial orders for fuzzy numbers proposes in the literature, only a few are totals, for example [7, 8, 9] . Moreover, no study on admissible orders for fuzzy numbers or for a subclass of them had been made so far. In order to overcome this lack and motivated mainly by the application potential of this subject, in this work we introduce and analyze the notion of admissible orders for fuzzy numbers with respect to a partial order and in particular we explore the case where this partial order is the given in [10] .
A well know method of generate admissible orders is one based on aggregations functions and in this work, we proposes a method which use two aggregation functions to construct an admissible order on fuzzy numbers. In addition, our tool can be amplified to use aggregate functions or functions that are not aggregation functions, as long as some basic properties are fulfilled. This paper is organized as follow: In section 2, in addition to establishing the notation used, we recall some essential notions for the remains sections. In section 3 we see the more basic partial order on fuzzy numbers and a total order proposal in [9] .The notion of admissible orders for fuzzy numbers is study in section 4. Finally, section 5 provide some final remarks.
Preliminaries and basic results
In this section, we introduce notations, definitions and preliminaries facts which are used throughout this work.
Given a poset ⟨P, ≤⟩ and a, b ∈ P , we denote by a ∥ b when a and b are Observe that ⊆≠⋐. For example, [3, 4] ⊆ [3, 5] but [3, 4] ⋐ [3, 5] .
In [12] consider the following order for IR:
This order is not linear and in some situations a linear order is fundamental (see for example [13] ). Of course, there are infinitely many linear orders on IR.
This motived [2] , in the context of interval-valued fuzzy sets, i.e. in L( But, is clear that this notion can be addapted in a straight way for IR:
Example 2.1. The following relations are admissible orders on IR:
3. Xu-Yager (adapted from [14] 
Fuzzy sets
The following definitions can be found in [15, 10] and in most of the introductory books on fuzzy sets theory. In all this section X will be a non-empty reference set with generic elements denoted by x. 
for all x 1 , x 2 ∈ R and λ ∈ [0, 1], where min denotes the minimum operator.
Fuzzy numbers
There are several different definitions of fuzzy numbers in the literature, as for example [16, 15, 10, 17, 18, 19, 8] . The most of them vary in the kind of continuity required for the membership function. For example, in [19, 8] is considered upper semi-continuity whereas in [16, 17] is required piecewise continuity and in [15, 10, 18] no continuity constraint is required. Another difference can be in that some one requires that the kernel of the fuzzy number be a singleton another only that it be non empty. Here we adopted the given in [10] .
Definition 2.6. A fuzzy set A on R is called a fuzzy number if it satisfies the following conditions
Finally, F(R) will denote the set of all fuzzy numbers.
Remark 2.1. Since the support of a fuzzy number of A is bounded, there exists
The next theorem gives a full characterization of fuzzy numbers. 
In the following theorem we rewrite the Theorem 1.1 of [20] considering the
is a fuzzy number such that their α-cuts are given by
if, and only if, l * and r * satisfies the following conditions:
i) l * is a bounded increasing function;
ii) r * is a bounded decreasing function,
Consider the fuzzy number A (see Figure 1 ) given by:
where l and r are:
verify the conditions of the Theorem 2.2. Let's calculate the α-cuts of A, starting with l, i.e.:
To continue, with r it's analog, we have
Therefore, from theorem 2.1, we express the α-cuts of A given by:
is a fuzzy number. So, in some sense, we can think that fuzzy number generalizes the interval set, i.e. that U ([0, 1]) ⊆ F(R) and therefore R ⊆ F(R) too, once degenerated intervals can be seen as real numbers. for each x ∈ R is a fuzzy number. In addition, ⟨F(R), ∧, ∨⟩ is a distributive lattice.
Order on fuzzy numbers
Next the partial order for F(R) was propoced by Zadeh in [1] Definition 3.1. Let A and B be two fuzzy numbers.
The Figure- The problem with this order is that it nor generalize the usual order on the real numbers. In fact, given x, y ∈ R such that x < y, we have that [x] ≤ Z [y].
Klir and Yuan in [10] proposed the following partial order on F(R):
Let A and B in F(R). Then As is well know, any fuzzy set A can be fully identified with their α-cuts in the following sense:
where χA α is the characteristic function of the interval A α which is called of decomposition theorem [10, Theorems 2.5 -2.7]. There is some variants of the decomposition theorem such as in [10, 9] . In particular, Wang and Wang variant any fuzzy number is recovered from just a countably subset of their α-cuts. [9] ). 
Admissible orders on fuzzy numbers
Thus, an order ⪯ on F(R) is admissible with respect to (F(R), ≦), if it is linear and refine the order ≦. In particular, when the order ≦ is ≤ KY we will call ⪯ just of admissible order on F(R). Furthermore, if ≦ is a linear order then ⪯ and ≦ are the same. 
Observe that, by Proof. (⇒) Suppose that S is not strictly increascing, i.e. there exist i < j such that α j ≤ α i . Let α m = max{α k ∈ S ∶ α k < α j }, the triangle fuzzy number B = (0, 1, 2) and A the fuzzy number 
So, [l *
A (α j ), r * A (α j )] < KM [l * B (α j ), r * B (α j )] and therefore, l * A (α j ) + r * A (α j ) < l * B (α j ) + r * B (α j ). So, taking j 0 = 2j − 1 we have that c j0 (A) = l * A (α j ) + r * A (α j ) < l * B (α j ) + r * B (α j ) = c j0 (B) and for each n < j ′ we have that m = n+1 2 < j. Since, S is strictly increascing then α m < α j which implies that A αm = B αm. So, if n is even then c n (A) = l * Then,
on F(R).
Proof. Let S be an strictly increasing upper dense sequence. We prove this conclusion considering five properties.
Reflexivity: Trivially the relation ⊴ is reflexive. Therefore, ⊴ is an admissible orders.
Final Remarks
In this paper, we generalize the notion of admissible order on the set of closed subinterval of [0, 1] with respect to the natural order on this set to admissible orders for fuzzy numbers equipped with an arbitrary order. Although of the Klir and Yuan order not be consensual as the natural order for the set of fuzzy numbers, most of the orders proposed for fuzzy numbers refines this order. So we deal the Klir-Yuan order as the "natural" one for F(R) and explore the admissible order with respect to this order.
Applications of admissible orders on several domains has been well succed in several areas as can be seen in [6, 21, 22, 23] and the same happen with application of fuzzy numbers. So, result naturally that in a future enforce be made to develop interesting applications of admissible orders on N F R.
In [2] a construction method of admissible orders over the set of closed subintervals of [0, 1] based on aggregation functions is provided and latellly generalized in [24] . As a future work, we will intend to introduce a generation method of admissible order on F(R).
